Optical frequency combs have attracted attention as optical frequency rulers due to their tooth-like discrete spectra together with their inherent mode-locking nature and phase-locking control to a frequency standard. Based on this concept, their applications until now have been demonstrated in the fields of optical frequency metrology and optical distance metrology. However, if the utility of optical combs can be further expanded beyond their optical-frequency-ruler-based application by exploiting new aspects of optical combs, this will lead to new developments in optical metrology and instrumentation. Here, we report a fibre sensing application of optical combs based on a coherent frequency link between the optical and radio-frequency regions, enabling high-precision refractive index measurement of a liquid sample based on frequency measurement in radio-frequency region. Our technique encodes a refractive index change of a liquid sample into a radio-frequency comb by a combination of an intracavity multi-mode-interference fibre sensor and wavelength dispersion of a cavity fibre. Then, the change in refractive index is read out by measuring the repetition frequency of the radio-frequency comb with a frequency counter and a frequency standard. Use of an optical comb as a photonic radiofrequency converter will lead to the development of new applications in high-precision fibre sensing with the help of functional fibre sensors and precise radio-frequency measurement.
Introduction
An optical frequency comb (OFC) [1] [2] [3] is regarded as a group of a vast number of phase-locked narrow-linewidth continuous-wave (CW) light sources with a constant frequency spacing frep (typically, 50-100 MHz) over a broad spectral range.
The inherent mode-locking nature and active laser control enable us to use an OFC as an optical frequency ruler traceable to a microwave or radio-frequency (RF) frequency standard. Based on the concept of an optical frequency ruler, OFCs have found several applications in optical frequency metrology and distance metrology; examples include atomic spectroscopy [2] , gas spectroscopy [4] , solid spectroscopy [5] , spectroscopic ellipsometry [6] , strain sensing [7] , and distance measurement [8] .
If the application fields of OFCs could be expanded beyond their optical-frequencyruler-based application, the adoption of OFCs as next-generation lasers in optical metrology and instrumentation will grow.
One interesting feature of OFCs is a coherent frequency link between the optical and RF regions. For example, when an OFC is detected with a photodiode, its quadratic-detection function converts the OFC into a secondary frequency comb in the RF region without changing frep; that is to say, an RF comb is generated. While the frequency uncertainty of the OFC is transferred into that of the RF comb via such a coherent detection process, use of an RF comb simplifies the experimental methodology because measurement in the RF region benefits from high precision, high functionality, convenience, and low cost by making use of various kinds of RF -5 -measurement apparatuses. Therefore, RF combs have been applied to optical distance metrology, such as long-distance measurement with extremely high precision [9] [10] [11] .
The key feature required to enable this new use of RF combs is an RF conversion function in a fibre OFC cavity. The repetition frequency frep in a ring cavity is given by ,
where c is the speed of light in vacuum, n is the refractive index of the cavity fibre, and L is the geometrical length of the fibre cavity. If an external disturbance, such as a temperature change, strain, or vibration, interacts with the fibre OFC cavity, frep shifts as a result of a change of the optical cavity length nL. In other words, the OFC can act as a photonic RF converter for such an external disturbance. Since RF frequency measurement can be performed with high precision and a wide dynamic range by making use of accurate frequency standards, the combination of a photonic RF converter and RF frequency measurement, namely, a photonic RF sensor, has the potential to greatly enhance the precision and dynamic range compared with those of conventional electrical or photonic sensors. Although this use of a photonic RF sensor has been demonstrated for strain [12] , strain/temperature [13, 14] , and ultrasound [15, 16] by use of multiple-longitudinal-mode or multiple-polarization-mode oscillation in a CW fibre laser, use of an OFC will benefit from the ultra-narrow linewidth and high stability of frep due to the inherent nature of the mode-locking oscillation. However,
when a cavity single-mode fibre (SMF) itself is used as a sensor, the measurable sensing quantities are limited to physical quantities that directly interact with the fibre OFC cavity, such as strain [17] , acoustic pressure [18] , or ultrasound waves [19] .
Photonic RF sensors that can sense a wide variety of physical quantities will become possible if a functional fibre sensor can be introduced into a fibre OFC cavity.
Such intracavity fibre sensors will benefit from the sensitivity enhancement made possible by the multiple passages of light through the sensor in addition to photonic RF conversion. One interesting application of photonic RF sensors is in sensing of refractive index (RI) because fibre RI sensors have found many applications in quality control of ethanol sensing [20] , glucose sensing [21] , bio-sensing [22] , and gas sensing [23] ; however, these applications still need even greater sensing performance.
In this article, we focus on a multi-mode interference (MMI) fibre sensor for RI measurement [24] [25] [26] . An MMI fibre sensor is composed of a clad-less multi-mode fibre (MMF) with a pair of SMFs at the two ends, has good compatibility with fibre OFC cavities, and works as an RI sensor based on a change in MMI wavelength lMMI due to the Goos-Hänchen shift on the surface of the clad-less MMF (Fig. 1a , see Methods).
An RI-dependent shift of lMMI in the fibre OFC cavity is converted into a shift of frep via wavelength dispersion of the cavity fibre (Fig. 1b) . In our setup, we introduced an MMI fibre sensor into a fibre OFC cavity, forming what we call an MMI-OFC, and read out the change in RI in a sample solution via frep to demonstrate the potential of MMI-OFCs as photonic RF sensors for RI.
-7 - Figure 2 illustrates the experimental setup of the MMI-OFC, which is described in the Methods section together with details of the experimental and analytical methodologies employed for the following measurements. . On the other hand, the RI accuracy was estimated to be 5.35×10 -5 when it was defined as the root mean square (RMS)
Results
between the experimental data and the linear approximation. The differences of the RI resolution and accuracy are mainly due to the influence of the sample temperature, as discussed later.
Discussion
We first discuss the validity of the RI-dependent frep shift (Fig. 5b ). An RIdependent optical spectrum shift is converted into an RI-dependent frep shift via the wavelength dispersion of the cavity fibre (see Fig. 1b ). The present MMI-OFC cavity includes a 2.9-metre SMF with anomalous dispersion (= 17 ps/km/nm) and a 1. . The concept of a sensing RF comb will expand the application scope of OFCs beyond their current use in optical frequency rulers and will extend to fibre sensing, including RI sensing.
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Methods

MMI fibre sensor
lMMI in the MMI fibre sensor is given by (2) where nMMF and LMMF are, respectively, the refractive index and the geometrical length A schematic diagram of the MMI fibre sensor is shown in Fig. 1a . The MMI fibre sensor was composed of a clad-less MMF (core diameter = 125 µm, fibre length = 58 mm) with a pair of SMFs at both ends (core diameter= 6 µm, clad diameter = 125 µm, fibre length = 54 mm), in which the diameter of the SMF clad was equal to that of the clad-less MMF core. We set m to 4 because the MMI signal appears as a spectral peak at a wavelength of lMMI. Broadband light passing through the input SMF is diffracted at the entrance face of the clad-less MMF, and then repeats total internal reflection at the boundary between the clad-less MMF surface and the sample solution.
lMMI light mainly exits through the clad-less MMF and then goes toward the output
SMF. Due to the spectral bandpass-filtering effect in the MMI process, the MMI fibre sensor acts as an RI sensor showing an RI-dependent lMMI shift. We designed the parameters of the MMI fibre sensor so that the spectral peak appeared around the centre wavelength of fibre OFC (= 1555 nm) when the sample is a pure water sample (0 EtOH%, RI = 1.333).
Experimental setup
We used a mode-locked Er:fibre laser oscillator for the MMI-OFC (see 
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